The SPR (subtree prune and regraft) operation is used as the basis for reconciling incongruent phylogenetic trees, particularly for detecting and analyzing non-treelike evolutionary histories such as horizontal gene transfer, hybrid speciation, and recombination. The SPR-based tree reconciliation problem has been shown to be NP-hard, and several efficient heuristics have been designed to solve it. A major drawback of these heuristics is that for the most part they do not handle non-binary trees appropriately. Further, their computational efficiency suffers significantly when computing multiple optimal reconciliations. In this paper, we present algorithmic techniques for efficient SPR-based reconciliation of trees that are not necessarily binary. Further, we present divide-and-conquer approaches that enable efficient computing of multiple optimal reconciliations. We have implemented our techniques in the PhyloNet software package, which is publicly available at http://bioinfo.cs.rice.edu. The resulting method outperforms all existing methods in terms of speed, and performs at least as well as those methods in terms of accuracy.
Introduction
Comparing phylogenetic trees and quantifying the similarities and differences among their topologies play important roles in studying the quality of phylogeny reconstruction methods and understanding gene evolution within species trees. As such, several tree transformation operations have been introduced, and their induced distance measures have been studied extensively. 1 One such operation is the subtree prune and regraft (SPR) operation. An SPR operation, or move, transforms a phylogenetic tree by cutting (pruning) a subtree and attaching (regrafting) it from its root to a different branch in the tree. Studies of this operation and the distance measure it induces on pairs of trees have increased significantly in recent years, mainly due to the central role it plays in detecting reticulate, i.e., non-treelike, evolutionary histories, such as horizontal gene transfer, hybrid speciation, and recombination. [2] [3] [4] [5] [6] In a nutshell, the occurrence of reticulate evolutionary events results in different genomic regions having incongruent, or disagreeing, trees. One way of identifying these events is based on the comparison of such trees and determining the minimal set of SPR moves that reconcile the incongruities among these trees, as well as their disagreements with the species tree, if such a tree is known. Therefore, the computational problem that has been addressed in this context is: given two trees T 1 and T 2 , find a minimal set of SPR moves that transform T 1 into T 2 .
While recently developed methods have made significant progress in terms of accuracy (number and location of the SPR moves) and efficiency (time), there remain two central issues that have not been addressed appropriately by these methods: Non-binary trees. Reconstructed phylogenetic trees often contain multi-furcating nodes; i.e., nodes with more than two children (in the rooted tree setting); see Figure 1 . The way these nodes are handled by methods for estimating SPR moves affects the number and location of those moves, and currently most algorithms and tools do not handle non-binary trees.
Multiple minimal sets of SPR moves. It is often the case that a minimal set of SPR moves that reconciles two trees is not unique, and the number of such sets may be exponential in the size of the set; 7 see Figure 1 . Current tools that compute multiple solutions take several days on moderate-sized trees, and run out of memory on larger ones.
1. An illustration of multiple solutions and non-binary trees. The multi-furcating ancestral node of D, E, and F in T 2 can be refined, or resolved, in three different ways. However, refinement (1) results in a clade that is identical to that in tree T 1 , and hence requires no SPR moves. On the other hand, each of the two refinements (2) and (3) requires one SPR move to reconcile the clade between the two trees. As for the clade that contains the leaves A, B, and C, one SPR move is needed to reconcile it. Nonetheless, three such SPR moves (in T 1 ) are possible: (1) C→B, (2) B→C, and (3) X→A, where X is a node on the edge from the root to the ancestor of all three leaves. The phylogenetic network N is obtained by adding the set Ξ = {C → B} of edges to T 1 .
In this paper we address these two issues by introducing algorithms for efficient refinement of trees to yield minimal sets of SPR moves, as well as algorithms for collapsing identical components of the trees to enable efficient handling of large trees in terms of time and space requirements, while not affecting the accuracy of the computed set of SPR moves. For computing multiple minimal sets of SPR moves, we utilize the sharing among solutions and present algorithmic techniques for efficient computing and displaying of multiple solutions. Besides their value in taming the computational complexity of the problem, the outcome of these techniques has biological significance since it summarizes the "essentiality" of the SPR moves (i.e., which moves must be considered in order to account for incongruence, and which ones have alternatives that can be considered and have the same effect), and hence the support for the corresponding reticulate evolutionary event.
We have extended the RIATA-HGT method 6 for reconciling trees by incorporating our new algorithms and techniques. The resulting method outperforms all existing methods in terms of computing time, and performs at least as well in terms of accuracy (number of SPR moves in a minimal set, and number of such minimal sets) on binary trees. For non-binary trees, most existing methods are not able to handle them (the tools simply quit, giving an error message stating that the input trees are not binary). The extended method has been implemented in the PhyloNet software package, which is available at http://bioinfo.cs.rice.edu. In this paper we use HGT as the guiding biological example of a reticulate evolutionary event, but the method can be applied to trees even when other reticulate evolutionary events have occurred.
Preliminaries
Trees and networks. Let T = (V, E) be a tree, where V and E are the tree nodes and tree edges, respectively, and let L (T ) denote its leaf set. Further, let X be a set of taxa (species). Then, T is a phylogenetic tree over X if there is a bijection between X and L (T ). A tree T is said to be rooted if the edges in E are directed and there is a single internal node r with in-degree 0. Let T = (V, E) be a rooted tree, and u be a node in V . We denote by T u the subtree of T whose root is node u, and L(u) the set of leaves in T u . A phylogenetic tree t is a clade of a phylogenetic tree T = (V, E) if there exists a node v ∈ V such that t = T v . Given two phylogenetic trees T = (V, E) and T = (V , E ), with L (T ) = L (T ), a maximal pair of matching clades is a pair t, t such that t = T u and t = T u for u ∈ V and u ∈ V , t = t , and (1) either u and u are the roots of the two trees, or (2) (x, u) ∈ E, (x , u ) ∈ E , and T x = T x . Given a set X ⊆ L (T ), we denote by lca T (X) the least common ancestor of X in T .
A phylogenetic network N = N (T ) = (V , E ) over the taxa set X is derived from T = (V, E) by adding a set Ξ of edges to T , where each edge h ∈ Ξ is added in three steps: (1) split an edge e = (u, v) ∈ E by adding a new node, v e , and replacing e by two edges (u, v e ) and (v e , v); (2) split an edge e = (u , v ) ∈ E by adding a new node, v e , and replacing e by two edges (u , v e ) and (v e , v ); and (3) add a directed HGT edge from v e to v e . In this case, we write N = T + Ξ. Figure 1 shows a phylogenetic network obtained by adding a single HGT edge to the tree T 1 . Finally, we denote by T (N ) the set of all trees contained inside network N . Each such tree is obtained by the following two steps: (1) for each node of in-degree 2, remove one of the incoming edges; and (2) For every node x of in-degree and out-degree 1, whose parent is u and child is v, remove node x and its two incident edges, and add a new edge from u to v. This operation is called a forced contraction. For example, in Figure 1 , the tree T 1 and tree T 2 (with clade refinement (1)) are the only members of T (N ). Reticulate evolution and the SPR operation. Let T = (V, E) be a rooted tree. An SPR move involving edges e = (u, v) and e = (u , v ) in E (u is not reachable from the root of the tree T through node v) deletes edge e, splits edge e into two edges by adding a new node v e , as described above, and adds a new edge from v e to v. Equivalently, the SPR move may involve a node x instead of edge e , in which case, the move deletes edge e and adds a new edge from x to v. As mentioned above, when HGT occurs, the evolutionary history of the species may not be represented by phylogenetic trees; rather, phylogenetic networks are the appropriate model. 8 In the phylogeny-based HGT detection problem, a pair of trees T 1 and T 2 (usually, a species/gene tree pair) is given, and a minimal set Ξ of edges is sought so that T 2 ∈ T (N ), where N = T 1 + Ξ. The minimization requirement simply reflects a parsimony criterion: in the absence of any additional biological knowledge, the simplest solution is sought. This problem has been shown to be related to finding the minimal set of SPR moves that transform T 1 into T 2 a and several heuristics for solving the problem using SPR moves have been recently introduced.
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Non-binary trees and tree compatibility. An edge e = (u, v) in a rooted tree T is contracted by deleting it and merging the two nodes u and v into a single node x (the edges incident from x are the union of the edges incident from u and v). We say a tree T is a contraction of tree T , if T is obtained by contracting a set of edges in T . Equivalently, we say that T is a refinement of tree T . An edge (u, v) ∈ E induces a split A|B, where A = L(v), and B = L (T ) − A. A split A|B is non-trivial if |A| > 1 and |B| > 1. We say that two splits A|B and C|D are compatible if at least one of the four intersections A ∩ C, A ∩ D, B ∩ C and B ∩ D is empty. We denote by π(T ) the set of all splits induced by the edges of tree T . We say that two trees T 1 and T 2 are compatible if π(T 1 ) and π(T 2 ) are pairwise compatible. When one or both of the trees T 1 and T 2 are not necessarily binary, the phylogeny-based HGT detection problem is slightly modified, since we seek a minimal set of SPR moves that makes T 1 compatible with, and not necessarily identical to, tree T 2 .
In other words, a minimal set Ξ of HGT edges is sought so that (1) N = T 1 + Ξ, (2) T 2 ∈ T (N ), and (3) T 1 , T 2 are refinements of T 1 and T 2 , respectively, that result in the minimum size of such a set Ξ. The network N in Figure 1 , with a single HGT edge, is an example of a solution to the problem for the pair of trees T 1 and T 2 .
Algorithmic Techniques
As mentioned above, existing methods for solving the phylogeny-based HGT detection problem do not handle non-binary tree appropriately (in fact, most tools do not run on nonbinary trees), nor do they handle multiple minimal solutions efficiently. In this section we present algorithmic techniques for efficient handling of these two cases.
a An HGT edge involving two edges e and e , or an edge e and a node x is obtained by computing the SPR move as defined, with the only difference that edge e is not deleted.
Handling Non-binary Trees: Refine and Collapse
As illustrated in Figure 1 , when multi-furcating nodes are present, different refinements may lead to different estimates of the minimum number of SPR moves needed to reconcile two trees. Since we seek the minimum number of SPR moves to reconcile two trees T 1 and T 2 , which are not necessarily binary, our proposed solution is to maximally refine both trees to obtain two trees T 1 and T 2 , respectively, such that the number of SPR moves required to reconcile T 1 and T 2 is minimum among all possible refinements of T 1 and T 2 . For example, under this approach, refinement (1) of tree T 2 in Figure 1 is preferred over the other two possible refinements. We now present an efficient algorithm for solving this problem.
(1) Generate all nontrivial splits of T 1 and T 2 .
(2) For each split A|B of T 1 that is not a split of T 2 but compatible with every split of T 2 :
(a) Let u = lca T 2 (A), and let
Step 2 for all splits of T 2 with respect to T 1 .
The algorithm takes O(|L (T 1 )| 2 ) time and maximally refines the two trees T 1 and T 2 without affecting the number of SPR moves required to reconcile them; details are omitted due to space constraints. Once the two trees are refined, we collapse them to achieve reduction in the size of the trees, without affecting the set of SPR moves. The idea is that clades that are identical in both trees do not require any SPR moves to reconcile them, and hence we can preprocess the trees by collapsing them into single leaf nodes. Formally, for every maximal pair of matching clades t, t in the two trees, replace both t and t by a single node that is labeled with the same label t , where t is unique (per tree). If k is the minimum number of SPR moves required to transform tree T 1 into tree T 2 , then the same SPR moves are required to transform T 1 into T 2 , where T 1 and T 2 are obtained from T 1 and T 2 , respectively, through the application of any number of collapse operations. 5 A special case that requires special handling is that of identical chains in the two trees. Allen and Steel 2 handled chains in binary trees. We now generalize that to include trees that are not necessarily binary (assuming that the collapse operation has been applied maximally to the trees, as described above). Two sequences P = u 1 , u 2 , . . . , u k where u i ∈ V (T 1 ) and P = u 1 , u 2 , . . . , u k where u i ∈ V (T 2 ), k ≥ 2, are said to be identical if (1) u i+1 is parent of u i and u i+1 is parent of u i , 1 ≤ i ≤ k − 1; (2) all clades whose roots are children of u i , u i and not in P, P are identical, 2 ≤ i ≤ k; and (3) all clades whose roots are children of u 1 and u 1 , except for exactly one, are identical. (Note that the requirement in (3) is to distinguish identical chains from identical clades.) The value k − 1 is the chain length. Bordewich and Semple 5 showed that an identical chain can be replaced in both binary trees by an identical chain of only three leaves a, b, c , without affecting the SPR moves. With the definition of identical chains above, this rule can be applied to non-binary trees. The reason is that clades whose roots are children of u i (u i ) and not in P (P ) can be thought of as being "contained" in one big clade, and therefore the rule for binary trees can be used. Figure 2 shows an example of identical chains in non-binary trees and how they can be replaced. Applying this operation can further reduce the size of trees, as the collapse operation does not apply in this case. While Bordewich and Semple stated this operation can be done in time that is polynomial in the number of leaves in a binary tree, we now present an O(|L (T 1 )| 2 ) time algorithm for applying the collapse operation maximally to a pair of trees (not necessarily binary) T 1 and T 2 to replace all identical chains by 3-leaf chains. In order to collapse identical maximal chains in the two trees, a bottom-up scan of the clades of T 1 , comparing them for compatibility with clades of T 2 , and replacing such pairs of identical clades by leaf nodes, can be achieved in O(|L (T 1 )| 2 ) as well.
(1) Compute the set of leaves L(v) for every internal node v in T 1 and T 2 .
(2) Starting from a deepest node v in T 1 , let u be the parent of v, and do the following:
. If no such edge (u , v ) exists, let v be the next deepest node that has not been examined, and go to step (2). (3) Repeat step (2) with the next deepest node that has not been examined.
The algorithm replaces all maximal identical chains in trees by 3-leaf chains, and takes O(|L (T 1 )|
2 ) time; details are omitted due to space constraints.
Algorithmic Techniques for Efficient Enumeration of Minimal Solutions
Than et al. have recently shown that the number of solutions to the phylogeny-based detection problem is O(3 k ), where k is the minimum number of SPR moves required to reconcile the two trees. 7, 13 In this section, we exploit the fact that there are only O(n 2 ) possible distinct SPR moves that can be applied to a tree on n taxa, to design strategies for efficient enumeration of all minimal solutions. We denote by T − t the tree obtained from T by removing the clade t and applying forced contractions. Let T 1 and T 2 be two phylogenetic trees on the same set of taxa X , with sets S(T 1 ) and S(T 2 ) of clades. In this section we assume the trees have been maximally refined and collapsed. We denote by Sol(T 1 , T 2 ) the set of all minimal sets of SPR moves that reconcile the two trees (i.e., the set of all solutions to the HGT detection problem). We define a mapping f : S(T 1 ) → S(T 2 ), such that f (t 1 ) = t 2 when L(t 1 ) = L(t 2 ), and f (t 1 ) = nil when there does not exist t 2 ∈ S(T 2 ) such that L(t 1 ) = L(t 2 ). Given two trees T 1 and T 2 , and the mapping f , we process the trees as follows.
This lemma states that a minimal solution for a pair of trees can be obtained by taking the union of minimal solutions from each of the pairs in the decomposition D, and gives the basis for our divide-and-conquer strategy. In this strategy, a decomposition of the two trees is first performed, the HGT detection problem is solved on each pair in the decomposition separately, and then the cartesian product of the sets of minimal solutions of these pairs is taken as the set of all minimal solutions of the trees. Notwithstanding the gains achieved by the divide-and-conquer approach, it may be the case that a few pairs have large clades in them. However, empirical performance shows that large clades may have fewer solutions, given the lack of "locality" in the HGT events involved. 7 To enable efficient handling of these clades, we consider HGT event equivalence, and describe how this concept may lead to further reductions in time for computing minimal solutions. Equivalence of minimal sets of SPR moves. Given a tree T and a set Ξ of SPR moves defined on T , we denote by T ↑ Ξ the tree obtained from T by applying the SPR moves, followed by forced contractions, that correspond to the HGT edges in Ξ.
Definition 3.1. Given two sets Ξ 1 and Ξ 2 of HGT edges defined on a tree T , we say that Ξ 1 is equivalent to Ξ 2 (with respect to tree T ), denoted
The ≡ relation on sets of SPR moves is an equivalence relation. Further, equivalent sets of SPR moves from two minimal solutions have the same cardinality, as we now show.
Lemma 3.2. Let T 1 and T 2 be two trees, and Ξ 1 and Ξ 2 be two sets of SPR moves in
Based on the above observations and the defined equivalence relation, we have the following strategy for efficient enumeration of multiple equivalent solutions to the HGT detection problem: As described above, when the HGT events (SPR moves) are "local", i.e., do not span a large portion of the tree, the decomposition process yields small components, and hence the number of equivalence classes is large and their sizes are small. However, when the HGT events are more global, we expect the number of solutions to be smaller, and hence the number of equivalence HGT edge-sets (SPR moves) to be small as well. 7 
Empirical Performance
We used the r8s tool 14 to generate four random trees, T i , i ∈ {10, 25, 50, 100}, where i denotes the number of taxa in the tree. The r8s tool generates molecular clock trees; we deviated the trees from this hypothesis by multiplying each edge in the tree by a number randomly drawn from an exponential distribution. The expected evolutionary diameter (longest path between any two leaves in the tree) is 0.2. Then, from each model "species" tree T i , we generated five different "gene" trees, T i,j , j ∈ {1, 2, 3, 4, 5}, where j denotes the number of simulated HGT events (SPR moves) applied to T i to obtain T i,j .For each T i and T i,j , i ∈ {10, 25, 50, 100} and j ∈ {1, 2, 3, 4, 5}, and for each sequence length ∈ {250, 500, 1000, 2000, 4000, 8000}, we generated 30 DNA sequence alignments S i [k] and S i,j [k], 1 ≤ k ≤ 30, whose evolution was simulated down their corresponding trees under the GTR+Γ+I (gamma distributed rates, with invariable sites) model of evolution, using the Seq-gen tool. 15 We used the parameter settings of. 16 Then, from each sequence alignment, we reconstructed a tree T N J using the Neighbor Joining (NJ) method. 17 At the end of this process we had 4 trees T i , 20 trees T i,j , 720 NJ trees T N J i [k], and 3600 NJ trees T N J i,j [k] (i ∈ {10, 25, 50, 100}, j ∈ {1, 2, 3, 4, 5}, 1 ≤ k ≤ 30, and ∈ {250, 500, 1000, 2000, 4000, 8000}). To compute solutions to the HGT detection problem, as well as the number of such solutions, we applied two methods to pairs of species and gene trees: LatTrans 10, 18 and the extended RIATA-HGT, 6 which implements the strategies for handling non-binary trees and computing multiple minimal scenarios, as described in the previous section. Both tools were applied to pairs
) of binary trees; since LatTrans cannot handle non-binary trees, we do not report any comparisons for that. Due to space limitations, we only show results for 50-taxon data sets, shown in Figure 3 . In each run of a tool on a pair of trees, we computed two values: the minimum number of inferred HGT events (SPR moves), and the number of such minimal solutions found by the method. We report the average of all 30 runs and actual running times for each combination of i, j, and . In Figure 3 we observe a similar relative performance between the two methods in terms of the number of HGT events estimated and the number of minimal solutions computed. Notice that both methods almost identically overestimate the minimum number of HGT events, or SPR moves needed to reconcile the two trees, and this overestimation decreases as the sequence length increases. This is a result of the large amount of wrong edges in the trees inferred by NJ, and the fact that these errors made by NJ decrease as the sequence length increases, since NJ is statistically consistent. Further, notice that as the sequence length increases and the estimates of the number of HGT events decreases, the number of minimal solutions decreases drastically, which is in agreement with the results showing that the number of solutions is proportional to their size, and can be exponential in these sizes. 7 However, where the big difference is pronounced between the two methods is in terms of running times. RIATA-HGT and LatTrans found the same number of minimal solutions; yet, RIATA-HGT found these solutions in a few seconds, whereas LatTrans ran for several days on each of these data sets, and crashed on all data sets for sequence length 250-which is the case where a large number of HGT events are identified. Notice that even though the number of solutions for the case of 1 HGT is much larger than that of 5 HGTs, RIATA-HGT finds the solutions in the former case much more quickly, which is a consequence of the algorithmic strategies employed by RIATA-HGT to exploit sharing and avoid explicit enumeration of all solutions.
Conclusions
In this paper, we considered the problem of reconciling a pair of phylogenetic trees, mainly to estimate the amount of non-treelike evolutionary events in the evolution of a set of organisms. We addressed the two issues of appropriate handling of non-binary trees and efficient enumeration of equally optimal solutions. We developed a set of algorithmic techniques for handling both issues, and incorporated these techniques into the RIATA-HGT method. The outcome was a method that performed at least as accurately as existing methods, and significantly outperformed existing methods.
